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Systems in which the heat flux depends on the direction of the flow are said to present thermal
rectification. This effect has attracted much theoretical and experimental interest in recent years.
However, in most theoretical models the effect is found to vanish in the thermodynamic limit, in
disagreement with experiment. The purpose of this paper is to show that the rectification may be
restored by including an energy-conserving noise which randomly flips the velocity of the particles
with a certain rate λ. It is shown that as long as λ is non-zero, the rectification remains finite in the
thermodynamic limit. This is illustrated in a classical harmonic chain subject to a quartic pinning
potential (the Φ4 model) and coupled to heat baths by Langevin equations.
I. INTRODUCTION
When a system is placed between two reservoirs main-
tained at different temperatures, a heat current J is es-
tablished from the hotter reservoir to the colder. For
most materials, this current is independent of the direc-
tion of the flow. But if the material is asymmetric, this
may not be the case. When the heat current depends on
the direction of the flow, we say the system presents ther-
mal rectification (in analogy with the electric rectification
of diodes). This topic has recently been the subject of
intensive investigations [1–28], motivated in part by the
possibility of constructing devices operating exclusively
with heat current (for reviews, see [29, 30]).
There are at least two key ingredients to the existence
of thermal rectification. The first is an inherent asym-
metry of the system which breaks the invariance under
bath reversal. The second is a temperature dependence
of the thermal conductivity, which is necessary to induce
an overlap between the phonon spectra of the left and
right parts of the system [3, 16]. This is the reason why
the classical harmonic chain [31] presents no rectification,
irrespective of any asymmetries present.
In the thermodynamic limit, however, these two ingre-
dients may not suffice to maintain a finite rectification.
Indeed, most theoretical models and numerical simula-
tions predict a rectification that vanishes in the ther-
modynamic limit; i.e., for a macroscopically large sam-
ple. This is in clear disagreement with experiment[9–
12, 26, 32–34].
The purpose of this paper is to show that this discrep-
ancy may be resolved by including an additional energy-
conserving noise. This noise represents the weak inter-
action between the system and other degrees of freedom
that are always present in real solids. It therefore serves
as an ad-hoc implementation of the extraordinary com-
plexity of real systems. In the past it was used to solve
the problem of anomalous heat conduction [35–40]: The
harmonic chain coupled to two baths at different temper-
atures has a ballistic heat flow [31], but when this noise
is included the flux becomes diffusive, as expected from
Fourier’s law. The idea of an energy-conserving noise is
also extensively used in quantum optics, where it is re-
ferred to as dephasing [41]. In either case, the assumption
that the noise is energy-conserving is justified when the
coupling to the additional degrees of freedom is weak.
There are several ways to implement the energy-
conserving noise. One is through self-consistent reser-
voirs [35, 36]: All particles in the system are coupled
to auxiliary Langevin baths at different temperatures,
which are adjusted so that in the steady-state no heat
flows through them. The implementation which will
be used here was first proposed in Ref. [38] by Dhar,
Venkateshan and Lebowitz, and was also studied by some
of us in Refs. [39, 40]. It is somewhat similar to the noise
studied by Bernardin and Olla in Ref. [37]. The idea is
that the particles in the system may suffer elastic colli-
sions with other degrees of freedom, whose effect is to
randomly rotate the velocity vector of each particle by a
small (random) angle. Since the kinetic energy depends
only on the magnitude of the velocity, this conserves the
kinetic energy and therefore the total energy of the sys-
tem.
In one-dimensional models, only rotations by π are al-
lowed so the noise is implemented by randomly changing
the sign of the velocity (v → −v) with a certain rate λ.
The dynamics of the velocity-flipping model are substan-
tially different from that of the self-consistent reservoirs.
Notwithstanding, it has been shown by Lukkarinen that
both have the same steady-state [42]. Finally, we men-
tion that in quantum systems the noise is usually imple-
mented using the Lindblad master equation. For a recent
example involving quantum transport, see [43].
The rectification may be quantified as follows. Let
J denote the heat flux over a given bath configuration
and J ′ the corresponding flux obtained by reversing the
baths. We define the rectification coefficient as
R =
|J | − |J ′|
|J |+ |J ′|
(1)
It is zero when there is no rectification and ±1 when one
direction acts as a perfect heat insulator.
In this paper we will show that including an energy-
conserving noise leads to a finite rectification effect in the
2thermodynamic limit. We will consider the problem of
a classical asymmetric harmonic chain with quartic (Φ4)
pinning interaction and coupled to Langevin heat baths
kept at different temperatures. It will be shown that
without the energy-conserving noise R tends to zero in
the thermodynamic limit. But for any non-zero noise, R
tends to a finite value.
It is worth emphasizing that these numerical simula-
tions are computationally very expensive, due mainly to
three reasons. First, the rectification is much more sen-
sitive to numerical fluctuations than the heat flux. Sec-
ondly, the energy-conserving noise requires the genera-
tion of a large number of random numbers. Finally, in
the presence of the energy-conserving noise the number of
statistical averages required to obtain a good convergence
increases substantially. Hence our choice of focusing on a
specific model. Notwithstanding, we have also observed
a similar behavior for other mechanical models, such as
the Ferm-Pasta-Ulam and the Frenkel-Kontorova mod-
els. And in all cases the results are unambiguous: The
presence of the energy conserving noise leads to a finite
rectification in the thermodynamic limit.
II. MODEL
We propose to study a chain of L particles with unit
masses described by coordinates xi and velocity vi asso-
ciated to the following Hamiltonian
H =
1
2
L∑
i=1
v2i+
k
2
L∑
i=0
(xi−xi+1)
2+
gL
4
L/2∑
i=1
x4i+
gR
4
L∑
i=L
2
+1
x4i
(2)
with fixed boundary conditions, x0 = xL+1 = 0. In ad-
dition to the nearest-neighbor harmonic interaction, the
chain is also subject to a quartic pinning term which is
different for the left and right halves of the chain. In
this model the quartic pinning acts as both the asymme-
try (when gL 6= gR) and the anharmonicity (to ensure a
temperature dependence of the thermal conductivity).
The system is connected to two heat baths placed at
the ends of the chain and modeled by Langevin equations.
The equations of motion are, therefore,
m
dv1
dt
= F1 − αv1 +
√
2αTA ξ1(t), (3)
m
dvi
dt
= Fi, i = 2, . . . , L− 1, (4)
m
dvL
dt
= FL − αvL +
√
2αTB ξL(t), (5)
where Fi = −∂H/∂xi is the force acting on particle i,
α is the damping constant and ξi are independent stan-
dard Gaussian white noises. The temperatures of the
two reservoirs, A and B, are denoted by TA and TB (and
kB = 1).
In addition to the baths, all particles are subject to an
energy-conserving noise that randomly flips the velocity
of each particle with a rate λ. The effects of this noise are
best seen in terms of the master equation for the proba-
bility distribution P (x, v, t), where x = (x1, . . . , xL) and
v = (v1 . . . , vL). It reads
∂P
∂t
= LP + λ
L∑
i=1
[
P (vi)− P (v)
]
(6)
where vi = (v1, . . . ,−vi, . . . , vL) and
LP = −
∑
i
{
1
m
∂
∂vi
(FiP − αiviP )−
∂(viP )
∂xi
+
αiTi
m2
∂2P
∂v2i
}
is the usual Fokker-Planck operator containing the
Langevin dynamics, with α1 = αN = α and αi = 0
otherwise. We also have T1 = TA and TN = TB.
Since the noise conserves the total energy, the rate of
change of H should only be affected by the Langevin
reservoirs. Indeed, using Eq. (6) one arrives at
d
dt
〈H〉 = JA − JB (7)
where
JA = α(TA − 〈v
2
1〉) (8)
JB = −α(TB − 〈v
2
L〉) (9)
are the fluxes from the left and right baths respectively.
In the steady-state JA = JB := J .
It is worth mentioning that from a computational per-
spective, it is more efficient to compute the heat flux from
the formula
Ji = k〈vi(xi − xi+1)〉 (10)
which corresponds to the heat from site i to site i + 1.
The reason is that in Eqs. (8) and (9), quantities such
as TA − 〈v
2
1〉 are extremely small and therefore prone to
numerical fluctuations.
We also note that the existence of a heat current entails
a continuous production of entropy. In the steady-state,
the entropy production rate is given by [44]
Π = J
(
1
TB
−
1
TA
)
. (11)
Thus, if both temperatures are equal, no entropy is pro-
duced, even in the presence of the energy-conserving
noise.
III. NUMERICAL SIMULATIONS
The Langevin equations (3)-(5) were integrated numer-
ically to obtain the heat flux in Eq. (10). For the inner
3particles we used the velocity-Verlet algorithm [45] and
for the boundary particles we use the Stochastic Verlet
algorithm developed in [46]. The action of the energy-
conserving noise is as follows. Let ∆t be the time step of
the integration. For each particle, at each time step, we
flip the velocity of the particle with probability p = λ∆t.
This is a Poisson process which generates a geometric
distribution with discrete waiting time p(1 − p)ℓ, where
ℓ is an integer. In the continuous limit this tends to an
exponential distribution λe−λt. A more efficient imple-
mentation is the following. For each particle, draw a
random number τi from an exponential distribution with
parameter λ. At each time step decrease each τi by ∆t.
Reverse the velocity when τi becomes negative and, after-
wards, draw a new τi. The results are of course the same,
but this requires the generation of less random numbers,
while allowing for a larger ∆t to be used without loss of
accuracy.
In what follows we fix the spring constant at k = 1
and the damping term at α = 0.1. Moreover, to inves-
tigate the thermal rectification we consider (TA, TB) =
(1.8, 0.2) and (0.2, 1.8). The corresponding fluxes will be
referred to as J and J ′ respectively. Finally, as for the
quartic pinning terms, we will consider two situations:
(gL, gR) = (0, 5) and (1, 5). Note that in the first situa-
tion the left chain is harmonic.
We start with (gL, gR) = (0, 5). Fig. 1 shows both J
and J ′ (filled and open points respectively) as a function
of L and λ. In Fig. 1(a) we see that for sufficiently large
L the flux is diffusive, behaving as J ∼ 1/L. This is of
course expected since both the quartic pinning [47] and
the energy-conserving noise [38–40] are known to lead
to Fourier’s law. A similar behavior is also observed for
J as a function of λ, as seen in Fig. 1(b). This is in
agreement with what was found Ref. [39, 40]. Hence, we
conclude that if both λ and L are sufficiently large, the
flux behaves as
J =
b
λL
(12)
with different coefficients b and b′ for J and J ′ respec-
tively.
The existence of rectification and the role played by the
energy conserving noise may be visualized quite clearly
in Fig. 1(a). When λ = 0 the fluxes J and J ′ are first
distinct when L is small, but gradually approach one an-
other as L becomes large. This is the behavior found
in most models of thermal rectification. And it shows
clearly that the rectification vanishes in the thermody-
namic limit. Conversely, when λ is large, a finite separa-
tion between J and J ′ remains for any size considered.
Hence, for any non-zero λ the rectification remains finite
in the thermodynamic limit.
A more quantitative analysis may be done by comput-
ing the rectification coefficient in Eq. (1). The results
are shown in Fig. 2. It is important to mention that ac-
curately computing R is an extremely challenging task.
First, it involves taking the difference between two fluc-
tuating quantities. Secondly, since J ∝ 1/L, the fluxes
FIG. 1. (Color Online) Heat fluxes J (filled points) and J ′
(open points) for (gL, gR) = (0, 5). (a) As a function of L
for different values of λ. (b) As a function of λ for different
values of L. In both cases the dashed lines represent slope -1.
are already quite small when L is large. Finally, the sta-
tistical fluctuations increase substantially with λ.
Let us first analyze Fig. 2(a), where R is plotted as a
function of L for several values of λ. When λ = 0 the
rectification is initially large, but then goes down with
L and tends to zero in the thermodynamic limit. As
λ increases, however, one observes that for large L the
rectification settles at a non-zero value. If λ is sufficiently
large the rectification even becomes roughly independent
of size.
Similar conclusions may be drawn from Fig. 2(b),
where we plot R as a function of λ for several sizes. If we
look at the low λ region we see that R diminishes quickly
from R ∼ 0.15 to zero as L increases. But for large λ all
curves are found to approach a common value of roughly
R∗ ≃ 0.073.
In the situation considered so far, the left part of the
chain was actually harmonic, since there is no pinning
term (gL = 0). To show that this does not influence the
main effect of the energy-conserving noise, we now con-
sider a condition in which gL 6= 0. In Fig. 3 we plot the
fluxes and the corresponding rectification coefficient for
(gL, gR) = (1, 5). As can be seen, the conclusions are all
identical to the previous case: when λ = 0 (black cir-
cles) the rectification clearly tends to zero as L increases.
4FIG. 2. (Color Online) Rectification coefficient R computed
from Eq. (1) and the data of Fig. 1. (a) As a function of L
for different values of λ. (b) As a function of λ for different
values of L. The dotted line in (b) corresponds to the value
R∗ = 0.073 which the curves for all sizes tend to when λ is
sufficiently large.
Conversely, when λ = 0.03 (red squares), the rectification
remains finite for any size.
IV. DISCUSSION AND CONCLUSIONS
The rectification effect in the studied models exist for
both with (λ 6= 0) and without (λ = 0) the energy-
conserving noise. But their dependence on the size L
of the system is entirely different in either case. Note
that even when λ = 0 the model presents a diffusive heat
flux so to leading order we may write
|J | =
A
L
, |J ′| =
A′
L
,
which, from Eq. (1), implies a rectification coefficient
R =
A−A′
A+A′
.
Our results show that when λ = 0, A′ = A and hence the
rectification is zero. The existence of a non-zero energy-
conserving noise therefore ensures a finite rectification.
FIG. 3. (Color Online) (a) Heat fluxes and (b) thermal recti-
fication as a function of L, for (gL, gR) = (1, 5) and two values
of λ.
When λ = 0 we may have, for instance, a situation
where
|J | =
A
L
+
B
L2
, |J ′| =
A
L
+
B′
L2
,
which, for large L, would lead to a rectification coefficient
R =
B −B′
2AL
.
Since R ∝ 1/L, the effect becomes negligible in the ther-
modynamic limit.
Thermal rectification has been measured experimen-
tally in macroscopic systems [9–12, 26, 32–34], which is
understood as a very large system from the microscopic
viewpoint. Thus, if we wish to compare the results of a
microscopic model with experiment, we uderstand that
the thermodynamic limit should be taken. However, in
most theoretical models, the magnitude of the effect van-
ishes in the thermodynamic limit.
The purpose of this paper was to show that including
an energy-conserving noise leads to a finite rectification
in the thermodynamic limit. To illustrate this we stud-
ied the problem of two classical anharmonic chains with
different pinning coefficients. But we have also studied
other classical models, such as the Frenkel-Kontorova and
Fermi-Pasta-Ulam (results not shown). In all cases, the
5results are unambiguous: a non-zero noise leads to a finite
rectification in the thermodynamic limit. These results
therefore lead to the conjecture that the existence of a
finite rectification in the presence of the energy conserv-
ing noise may be a universal behavior, independent of
the underlaying mechanical model. Lastly, we mention
that the physical explanation of this effect, although not
trivial, is certainly related to the highly chaotic behavior
of the energy-conserving noise, which makes the system
ergodic [40].
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